Abstract Let L 1 be a nonnegative self-adjoint operator in L 2 (R n ) satisfying the DaviesGaffney estimates and L 2 a second order divergence form elliptic operator with complex bounded measurable coefficients. A typical example of L 1 is the Schrödinger operator −∆ + V , where ∆ is the Laplace operator on R n and 0 ≤ V ∈ L 1 loc (R n ).
Introduction
The Hardy spaces, as a suitable substitute of Lebesgue spaces L p (R n ) when p ∈ (0, 1], play an important role in various fields of analysis and partial differential equations. For example, when p ∈ (0, 1], the Riesz transform ∇(−∆) −1/2 is not bounded on L p (R n ), but bounded on the Hardy space H p (R n ), where ∆ is the Laplacian operator
and ∇ is the gradient operator (
, · · · , ∂ ∂xn ) on R n . It is well known that the classical Hardy spaces H p (R n ) are essentially related to ∆, which has been intensively studied in, for example, [7, 14, 30, 32, 33] and their references.
In recent years, the study of Hardy spaces associated to differential operators inspires great interests; see, for example, [2, 3, 4, 11, 12, 13, 16, 18, 19, 20, 9] and their references.
In particular, Auscher, Duong and McIntosh [2] first introduced the Hardy space H 1 L (R n ) associated to L, where the heat kernel generated by L satisfies a pointwise Poisson type upper bound. Later, Duong and Yan [10, 11] introduced its dual space BMO L (R n ) and established the dual relation between H 1 L (R n ) and BMO L * (R n ), where L * denotes the adjoint operator of L in L 2 (R n ). Yan [35] further introduced the Hardy space H p L (R n ) for some p ∈ (0, 1] but near to 1 and generalized these results to H p L (R n ) and their dual spaces. A theory of the Orlicz-Hardy space and its dual space associated to a such L were developed in [25, 22] .
Moreover, for the Schrödinger operator −∆ + V , Dziubański and Zienkiewicz [12, 13 ] first introduced the Hardy spaces H p −∆+V (R n ) with the nonnegative potential V belonging to the reverse Hölder class B q (R n ) for certain q ∈ (1, ∞). As a special case, the Hardy space H p −∆+V (R n ) associated with −∆ + V with 0 ≤ V ∈ L 1 loc (R n ) and p ∈ (0, 1] but near to 1 was also studied in, for example, [11, 16, 35, 25, 36, 37, 21, 8] . More generally, for nonnegative self-adjoint operators L satisfying the Davies-Gaffney estimates, Hofmann et al. [16] introduced a new Hardy space H 1 L (R n ). In particular, when L ≡ −∆ + V with 0 ≤ V ∈ L 1 loc (R n ), Hofmann et al. originally showed that the Riesz transform ∇(L −1/2 ) is bounded from H 1 L (R n ) to the classical Hardy space H 1 (R n ). These results in [16] were further extended to the Orlicz-Hardy space and its dual space in [21] . In particular, as a special case of [21, Theorem 6.3] , it was proved that ∇(
Also, Auscher and Russ [4] studied the Hardy space H 1 L on strongly Lipschitz domains associated with a second order divergence form elliptic operator L whose heat kernels have the Gaussian upper bounds and certain regularity. Hofmann and Mayboroda [18, 19] and Hofmann et al. [20] introduced the Hardy and Sobolev spaces associated to a second order divergence form elliptic operator L on R n with complex bounded measurable coefficients. Notice that, for the second order divergence form elliptic operator L, the kernel of the heat semigroup may fail to satisfy the Gaussian upper bound estimate and, moreover, L may not be nonnegative self-adjoint in L 2 (R n ). Hofmann et al. [20] also proved that the associated Riesz transform ∇L −1/2 is bounded from H p L (R n ) to the classical Hardy space H p (R n ) with p ∈ ( n n+1 , 1], which was also independently obtained by Jiang and Yang in [23, Theorem 7.4] . Moreover, a theory of the Orlicz-Hardy space and its dual space associated to L were developed in [23, 24] . Recently, the Hardy space H 1 (−∆) 2 +V 2 (R n ) associated to the Schrödinger-type operators (−∆) 2 + V 2 with 0 ≤ V satisfying the reverse Hölder inequality was also studied in [5] . Moreover, the Hardy space H p L (R n ) associated to a one-to-one operator of type ω satisfying the k-Davies-Gaffney estimate and having a bounded H ∞ functional calculus was introduced in [6] , where k ∈ N. Notice that when k = 1, the k-Davies-Gaffney estimate is just the Davies-Gaffney estimate. Typical examples of such operators include the 2k-order divergence form homogeneous elliptic operator T 1 with complex bounded measurable coefficients and the 2k-order Schrödinger-type operator
It was further proved that the associated Riesz transform [6] . On the other hand, the weak Hardy space W H 1 (R n ) was first introduced by Fefferman and Soria in [15] . Then, Liu [26] studied the weak W H p (R n ) space for p ∈ (0, ∞) and established a weak atomic decomposition for p ∈ (0, 1]. Liu in [26] also showed that the δ-Calderón-Zygmund operator is bounded from H p (R n ) to W H p (R n ) with p = n/(n + δ), which was extended to the weighted weak Hardy spaces in [29] .
Let L 1 be a nonnegative self-adjoint operator in L 2 (R n ) satisfying the Davies-Gaffney estimates and L 2 a second order divergence form elliptic operator with complex bounded measurable coefficients. A typical example of L 1 is the Schrödinger operator
(R n ) be the Hardy space associated to L i for i ∈ {1, 2}.
In this paper, we prove that the Riesz transform
(R n ) to the weak Hardy space W H p (R n ) in the critical case that p = n/(n + 1). To be precise, we have the following general result.
satisfying the assumptions (A 1 ) and (A 2 ) as in Section 2 and D the operator satisfying the assumptions (B 1 ), (B 2 ) and (B 3 ) as in Section 2. Then the operator
As an application of Theorem 1.1, we obtain the boundedness of
to the classical weak Hardy space W H p (R n ) in the critical case that p = n/(n + 1) as follows.
On the Riesz transform defined by the second order divergence form elliptic operator with complex bounded measurable coefficients, we also have the following endpoint boundedness in the critical case that p ≡ n/(n + 1). Theorem 1.2. Let p ≡ n/(n + 1) and L 2 be the second order divergence form elliptic operator with complex bounded measurable coefficients. Then the Riesz transform
Recall that the second order divergence form elliptic operator with complex bounded measurable coefficients may not be nonnegative self-adjoint operator in L 2 (R n ). Thus, we cannot deduce the conclusion of Theorem 1.2 from Theorem 1.1. However, if L is a second order divergence form elliptic operator with real symmetric bounded measurable coefficients, then L satisfies the assumptions of both Theorem 1.1 and Theorem 1.2.
We prove Theorems 1.1 and 1.2 by using the characterization of W H p (R n ) in terms of the radial maximal function, namely, we need estimate the weak L p (R n ) quasi-norm of the radial maximal function of the Riesz transform acting on the atoms or molecules of the Hardy spaces H p L i (R n ). Unlike the proof of the endpoint boundedness of the classical Riesz transform ∇(−∆) −1/2 , whose kernel has the pointwise size estimate and regularity, the strategy to show Theorems 1.1 and 1.2 is to divide the radial maximal function into two parts by the time t based on the radius of the associated balls of atoms or molecules and then estimate each part via using L 2 off-diagonal estimates (see [17, 20] or Lemma 2.1 below). This paper is organized as follows. In Section 2, we describe some assumptions on the operator L 1 ; then we recall some notion and properties concerning the Hardy space associated to L 1 and second order divergence form elliptic operator L 2 with complex bounded measurable coefficients. We also recall the definition of weak Hardy spaces and present some technical lemmas which are used later in the next section. Section 3 is devoted to the proof Theorem 1.1, Corollary 1.1, and Theorem 1.2. In Section 4, a similar result on the Riesz transforms defined by higher order divergence form homogeneous elliptic operators with complex bounded measurable coefficients or Schrödinger-type operators is also presented.
Finally, we make some conventions on the notation. Throughout the whole paper, we always let N ≡ {1, 2, · · · } and Z + ≡ N ∪ {0}. We use C to denote a positive constant, that is independent of the main parameters involved but whose value may differ from line to line. Constants with subscripts, such as C 0 , do not change in different occurrences. If f ≤ Cg, we then write f g; and if f g f , we then write f ∼ g. For all x ∈ R n and r ∈ (0, ∞), let B(x, r) ≡ {y ∈ R n : |x − y| < r} and αB(x, r) ≡ B(x, αr) for any α > 0. Also, for any set E ∈ R n , we use E ∁ to denote the set R n \ E and χ E the characteristic function of E.
Preliminaries
We begin with recalling some known results on the Hardy spaces associated to operators and the weak Hardy spaces.
Let L 1 be a linear operator initially defined in L 2 (R n ) satisfying the following assumptions:
The semigroup {e −tL 1 } t>0 generated by L 1 is analytic on L 2 (R n ) and satisfying the Davies-Gaffney estimates, namely, there exist positive constants C 1 and C 2 such that for all closed sets E,
where and in what follows, dist(E, F ) ≡ inf x∈E, y∈F |x − y| is the distance between E and F .
Typical examples of operators satisfying assumptions (A 1 ) and (A 2 ) include the second order divergence form elliptic operator with real symmetric bounded measurable coefficients and the Schrödinger operator
As in [16, 21] , we define the Hardy space H p L 1 (R n ) associated to the operator L 1 as follows.
We then have the following atomic decomposition of H
For the second order divergence form operator, the associated Hardy space were studied in [18, 19, 20, 23] . More precisely, let L 2 ≡ −div(A∇) be a second order divergence form elliptic operator with complex bounded measurable coefficients. We say that L 2 is elliptic if the matrix A ≡ {a i, j } n i, j=1 satisfying the elliptic condition, namely, there exist positive constants 0 < λ ≤ Λ < ∞ such that λ|ξ| 2 ≤ ℜ(Aξ ·ξ) and |Aξ ·ξ| ≤ Λ|ξ| 2 , where for any z ∈ C, ℜz denotes the real part of z. 
Recall that in [20, 23] , for all p ∈ (0, 1], ǫ ∈ (0, ∞) and
is then defined to be the completion of the space
with respect to the quasi-norm
where the infimum is taken over all the molecular (H p L 2 , 2, ǫ, M )-representations of f as above.
We have the following molecular characterization of H p L 2 (R n ).
Theorem 2.2 ([20, 23]). Let
, where the implicit constants depend only on M, n, p, ǫ and the constants appearing in the ellipticity.
We now recall the definition of the weak Hardy space (see, for example, [15, 26, 27] ). Let p ∈ (0, 1] and ϕ ∈ S(R n ) with support in the unit ball B(0, 1). The weak Hardy space W H p (R n ) is defined to be the space
Let L 1 be a nonnegative self-adjoint operator in L 2 (R n ) satisfying the assumptions (A 1 ) and (A 2 ). Following [1] , let the operator D be a linear operator defined densely in L 2 (R n ) and satisfy the following assumptions:
is bounded on L 2 (R n ); (B 2 ) the family of operators, { √ tDe −tL 1 } t>0 , satisfy the Davies-Gaffney estimates as in (2.1);
Typical examples of D and L 1 satisfying the assumptions (B 1 ), (B 2 ) and (B 3 ) include that D is the gradient operator ∇ on R n , and L 1 is the second order divergence form elliptic operator with real symmetric bounded measurable coefficients or the Schrödinger operator −∆ + V with 0 ≤ V ∈ L 1 loc (R n ) as proved below.
Then the Schrödinger operator T ≡ −∆ + V satisfies the assumptions (A 1 ) and (A 2 ), and both T and the gradient operator ∇ satisfy the assumptions (B 1 ), (B 2 ) and (B 3 ).
Proof. It is easy to see that T is nonnegative self-adjoint.
Let e −tT (·, ·) be the integral kernel of the semigroup e −tT . By Trotter's formula (see, for example, [34] ), we know that for all t ∈ (0, ∞) and x, y ∈ R n ,
which implies that the semigroup {e −tT } t>0 satisfies (2.1). Thus, T satisfies the assumptions (A 1 ) and (A 2 ). Moreover, by [16, Lemma 8 .5], we conclude that there exists a positive constant C 2 such that for for all closed sets E, F ⊂ R n , t ∈ (0, ∞) and f ∈ L 2 (R n ) supported in E,
which, combining the L 2 (R n )-boundedness of the Riesz transform ∇(T −1/2 ) (see [16, (8.20) ]) and the fact that R n ∇(T −1/2 )a(y) dy = 0 (see, for example [16, 21] ), implies that both T and the gradient operator satisfy the assumptions (B 1 ), (B 2 ) and (B 3 ). This finishes the proof of Lemma 2.1.
We also need the following technical lemmas.
Lemma 2.2 ([27, 31]).
Let p ∈ (0, 1) and {f j } j be a sequence of measurable functions. If j |λ j | p < ∞ and there exists a positive constant C such that for all {f j } j and α ∈ (0, ∞),
Lemma 2.3 ( [1, 17] ). Let L 1 be a nonnegative self-adjoint operator satisfying the assumptions (A 1 ) and (A 2 ) and D the operator satisfying the assumptions (B 1 ), (B 2 ) and (B 3 ). Let M ∈ N. Then there exists a positive constant C, depending on M , such that for all closed sets E, F in R n with dist(E, F ) > 0, f ∈ L 2 (R n ) supported in E and t ∈ (0, ∞),
Moreover, if L 2 is a second order divergence form elliptic operator with complex bounded measurable coefficients, then (2.4) and (2.5) still hold when D and L 1 are replaced, respectively, by the gradient operator ∇ and L 2 .
Proofs of main results
In this section, we show Theorem 1.1, Corollary 1.1 and Theorem 1.2.
Proof of Theorem 1.
By Theorem 2.1, we know that there exist a sequence {a j } j of (p, 2, M ) L 1 -atoms and a sequence {λ j } j of numbers such that
To show Theorem 1.1, by (3.1) and the definition of W H p (R n ), we see that it suffices to prove that for all α ∈ (0, ∞),
where ϕ ∈ C ∞ c (R n ) satisfies supp ϕ ⊂ B(0, 1), and for all x ∈ R n and t ∈ (0, ∞),
. In order to prove (3.2), by Lemma 2.2, it suffices to show that for any (p, 2, M ) L 1 -atom a associated with the ball B ≡ B(x B , r B ) and α ∈ (0, ∞),
Let M be the Hardy-Littlewood maximal function. It is easy to see that
Then by Chebyshev's inequality, Hölder's inequality, the
via (B 1 ), and (2.2), we know that
On the other hand, we have
To estimate I, let
For all i ≥ 5, x ∈ S i (B) and y ∈ B(x, r B ), from supp ϕ ⊂ B(0, 1), it follows that y ∈ S i (B). For i ≥ 5, let
By Chebyshev's inequality, Hölder's inequality, the L 2 (R n )-boundedness of M, Lemma 2.3 and (2.2), we conclude that
From this, the definition of I i , p = 1 a(y) dy = 0 via (B 3 ), we know that
1 a(y) dy| and
To obtain a desired estimate for J, by Lemma 2.2, it suffices to show that there exists a positive constant C 0 such that
From the mean value theorem, Hölder's inequality, supp ϕ ⊂ B(0, 1), Lemma 2.3 and (2.2), we infer that
For all x ∈ [(2 i+1 + 2 j 0 +1 )B] ∁ , we see that
From this and Chebyshev's inequality, we then deduce that
which implies that (3.3) holds with C 0 ≡ (2M − 1)p − n(1 − p). Observe that C 0 > 0, since M > 1 and p = n n+1 . Thus, combining the estimate of I and J, we then complete the proof of Theorem 1.1.
Proof of Corollary 1.1. From Lemma 2.1, we deduce that the Schrödinger operator −∆+V with 0 ≤ V ∈ L 1 loc (R n ) satisfies the assumptions (A 1 ) and (A 2 ) as in Section 2, and both −∆ + V and the gradient operator ∇ satisfy the assumptions (B 1 ), (B 2 ) and (B 3 ) as in Section 2. Thus, from Theorem 1.1, we deduce that the Riesz transform ∇(−∆ + V ) −1/2 is bounded from H p −∆+V (R n ) to the classical weak Hardy space W H p (R n ) in the critical case that p = n/(n + 1), which completes the proof of Corollary 1.1. (x B , r B ) , m ∈ Z + and α ∈ (0, ∞), we only need estimate the measure of the following sets:
The estimate of I is similar to that of I in the proof of Theorem 1.1. We omit the details. Now we estimate J. Since
. By Lemma 2.2, it suffices to show that there exist positive constants C 4 and C 5 such that for all α ∈ (0, ∞),
We only prove the first inequality, the proof of the second inequality is similar. Take ǫ ∈ (n + 1 − 1/(n + 1), ∞). By the mean value theorem, Hölder's inequality, Lemma 2.3, (2.3) and supp ϕ ⊂ B(0, 1), we conclude that 
Further remarks
In this section, we establish a variant of Theorems 1.1 and 1.2 for the higher order divergence form elliptic operators with complex bounded measurable coefficients and the higher order Schrödinger-type operators.
To this end, we first recall some notion and notations. For θ ∈ [0, π), the closed sector, S θ , of angle θ in the complex plane C is defined by S θ ≡ {z ∈ C \ {0} : | arg z| ≤ θ} ∪ {0}. Let ω ∈ [0, π). A closed operator T in L 2 (R n ) is called of type ω (see, for example, [28] ), if its spectrum, σ(T ), is contained in S ω , and for each θ ∈ (ω, π), there exists a nonnegative constant C such that for all z ∈ C \ S θ , (T − zI) −1 L(L 2 (R n )) ≤ C|z| −1 , where and in what follows, S L(H) denotes the operator norm of the linear operator S on the normed linear space H. Let T be a one-to-one operator of type ω, with ω ∈ [0, π) and µ ∈ (ω, π), and f ∈ H ∞ (S 0 µ ) ≡ {f is holomorphic on S 0 µ : f L ∞ (S 0 µ ) < ∞}, where S 0 µ denotes the interior of S µ . By the H ∞ functional calculus, the function of the operator T , f (T ) is well defined. The operator T is said to have a bounded H ∞ functional calculus in the Hilbert space H, if there exist µ ∈ (0, π) and positive constant C such that for all ψ ∈ H ∞ (S 0 µ ), ψ(T ) L(H) ≤ C ψ L ∞ (S 0 µ ) . As in [6] , let T be an operator defined in L 2 (R n ) which satisfies the following assumptions: (E 1 ) The operator T is a one-to-one operator of type ω in L 2 (R n ) with ω ∈ [0, π/2); (E 2 ) The operator T has a bounded H ∞ functional calculus in L 2 (R n ); (E 3 ) Let k ∈ N. The operator T generates a holomorphic semigroup {e −tT } t>0 which satisfies the k-Davies-Gaffney estimate, namely, there exist positive constants C 6 and C 7 such that for all closed sets E and F in R n , t ∈ (0, ∞) and f ∈ L 2 (R n ) supported in E,
2k/(2k−1)
